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Full Wave Network Representation
for Rectangular, Circular, and Elliptical
to Elliptical Waveguide Junctions

Benito Gimeno and Marco Guglielmi

Abstract—In this paper, two contributions to the study of the semi-distance given by = /a2 — b2, and the eccentricity
elliptical waveguides are given: an efficient technique to obtain of the ellipse given bye = c/a. The elliptical coordinate
the modal spectrum for elliptical waveguides and the analysis system is defined as the intersection of two families of con-

of the junctions between rectangular, circular, or elliptical to focal elli d focal h bol 19]. Each int i
elliptical waveguides. In addition to theoretical results, experi- ocal ellipses and confocal hyperbolas [19]. Each intersection

mental results are also presented finding good agreement betweenP0int corresponds to a point defined by the coordinates

prediction and measurement. ¢(cosh &)(cos 1), y = c(sinh &)(sin 1), wheref is the radial
elliptical coordinate, ang is the angular elliptical coordinate.
|. INTRODUCTION The coordinaten varies from 0 to2x, and the coordinate

h% varies from 0 to{, = arccosh(1/¢). Finally, us andu,

LLIPTICAL waveguides have already been studied in t . d . .
o . represent the unitary vectors associated with the coordinates
past and a number of contributions can be found in the .
technical literature investigating their modal structure [1]-[12 and, respectively.
' The authors start our derivation by writing the Helmholtz

or simple step junctions [13]. In this paper, the authors gi\ée Lation in elliotical coordinates
two contributions to the study of elliptical waveguides. First,q P

the authors develop a computationally efficient approach E} 2 < 92 92

. . . . . - - k.? \Ijrn =0
obtain the modal spectrum in elliptical waveguide regions t 2(cosh 26 — cos 27) \ 9E2 + 8772) + tm} )
avoid the slow convergence of the Mathieu functions. Second, @
the authors analyze the junctions between rectangular, circular,

or elliptical and elliptical waveguide. o wherek,  is the transverse wavenumber of thé¢h mode, and
The technique used for the modal analysis is based on 3@ potentiall,, (¢, ) represents the axial electric or magnetic

transformation of the Helmholtz equation in elliptical COOTeomponent for thenth TM or TE modes, respectively. The
dinates into an equivalent linear matrix eigenvalue promef@ngitudinal propagation constant is given by
by means of the Galerkin method [14]-[16]. The second

part of the paper is devoted to the study of junctions from 32 = wlue — /gfm_ (2)

rectangular, circular, or elliptical to elliptical waveguides

[17]. The convergence of the method is analyzed, showihg the classical modal analysis, the method of separation of

good behavior. Finally, theoretical results are compared witariables is used thus leading to Mathieu functions. To increase

measurements finding a good agreement. the computational efficiency, the authors first rewrite (1) as an
eigenvalue equation

II. MODAL ANALYSIS OF ELLIPTICAL WAVEGUIDES

2 o2 o2

The analytical expressions of the vector mode functions £¥m(§; n) = 2(cosh 2 — cos 27) <8_§2 + 8—772>}
for an elliptical waveguide can be found in the technical W (E, )
literature in terms of the Mathieu functions [18]. However, 2’" ’
the computation of these functions using standard routines can =—ki, Um(&, ) (3)
result in long central processing unit (CPU) time. Therefore, in _ ) . .
this paper the authors have chosen an alternative procedur@’lﬂ?re’c IS a "T‘ear differential operator. Next, the authors
order to obtain codes which are computationally more efficierf 1€ ¥ (€, m) in the form

From a mathematical point of view, an ellipse is char- N
acterized by the major and minor semi-axis, denotedyas (€, ) = ngm)%(& n) (4)
and b, respectively. Other relevant parameters are the focal p—
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Fig. 1. Geometries of the junctions studied in this paper: (a) rectangular to elliptical junction, (b) circular to elliptical junction, and t{cal eitip
elliptical junction.

insert (4) into (3), obtaining functions obtained are normalized according to

N N (em, en) = / emer dS = bm. n
S d™MLai(e, my =k > d™Mai(&m  (6) cs

=1 =1 <h7n, hn> = / hrnhz s = 6nl,n (10)
. . . . . CSs
so that, multiplying by; (¢, ) and integrating both sides of here Sm.n is the Dirac delta function, and’S is the
(5), the authors finally write waveguide cross section. The derivation up to this point is

N N general. The application to TM and TE polarizations requires
Z d(m)@azlal) —k2 Z d(m)<o¢i|aj> j=1,2--- N some further analytical developments.
=1 =1 A. TM Modes

6
©) There are two families of TM modes, denoted as .TM
where the symbol|) indicates and TM,, corresponding to the even and odd solutions of
the Mathieu functions [18], respectively. The basis functions
2% pgo chosen are
(flg / / (cosh 2¢ — cos 2n , 1
9 ) afMe(€, ) = cos {(7 + §>7r 55} cos(sn)  (11)
f s mg (& m) dndg (7) ¢ 0
Mo =sin (r7 > ) si 12
Equation (1) has therefore successfully been transformed into ai (& m) = sin <77r 50) sin (57) (12)

the linear matrix eigenvalue system in (6). Now, using thghere the index corresponds to the pairs of integers £).
original notation of [14], the authors rewrite (6) as follows The axial electric component then becomes

N,—1N,—-1
PD('rn) — th QD("") (8) ET]\'Ie (5 _ TM. (m)
e m= Zm ’ 77) - Z Z drs ’
r=0 s=0
where the elements of the matricBs @, and D" are given 1\ ¢
s .G r+ = )7 = cos(sn)
by 2) &
N
QZJ = <az|aj> Z, J =12 N — dih’ie: (m) TM. 13
By=—(Ealo) 1I=L20N @ =2 A e )
D(m) = d(m) =12, N N, N,
TM TMO, (m) S
d,
The linear eigenvalue problem obtained can be easily solved e (6 m) 1221; sin <77r §0> sin (s1)
with standard mathematical subroutines for matrix operations, :
obtaining the transverse wavenumbgfs and the expansion = Z dFMer () g TG (¢ -y (14)

coefficients ™ of each mode. Finally, the vector mode i=1



378 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 45, NO. 3, MARCH 1997

whereN = N,. x N is the total number of terms. The specific T L T
choice of the analytical form in (11) and (12) has been dictated -~ =
by the Dirichlet boundary conditions, namely
ngl:h (&, 77)|£=£o = Egj% (&, 77)|£=£o =0 (15) Region (1) Region (2)

The elements of the matrice and @ are easily obtained,
resulting in the very simple expressions

2 2
TM. (c1) e 2y € o +
Qz] _I €s 65:]’ _Ig,p) TéTJ
3 1 &om @
p™Me | T [, t e, — 1
iy 6o 7+2 +2 + 2(6 ) sp T ) -
- 85, pOr. 1=(r, s i = (4, 16
( 1)]) t ( c)go J=(,p) (16) 11(1) < > Ifz)
T™, s1) TC” (s2) €S0 ] —e— _ .
QFY =150 T 6,y = 10D S0 60 y K v
m° Eom e S —e—(
PTM < 7t+—sp>657p6,,7t, 1=(r, s), j=(t, p) :
20 L) - i e —
an =3 YD —
wherec, = 1if 5 =0, ¢, = 2if s # 0, and the expressions V2 :;L._ . A — v
for Iﬁft), 189, I,(,ft), andI{*?) are given in Appendix . . .
The authors can now write the analytical expressions of the o .
scalar potentialgy:Me and ¢ M- in the form . .
ir—1 N,—1 * *
%TnM (¢, NTM Z Z dTMe,(m) | | (b) . N .
=0 s=0 Fig. 2. Junction from a rectangular, circular, or elliptical waveguide [denoted

1 as region (1)] to a elliptical waveguide [denoted as region (2)]. The multimode
c [(7 + ) _} coS (377) (18) equivalent network representation of the junction is also shown.
2

O (¢ ) = ATV ZZ dTMo,(m) B. TE Modes
r=1s=1 The same procedure has been applied for TE modes, so the
) £ ) authors omit the details. The basis functions chosen are
- sin 7‘7r§f sin (sn) (19)
0
TE 5

o (&, n)=cos | rm= | cos(s 24

where N, IMe and //IM- | the normalization factors according &) < 50) () @4
to the normalization condition in (10), are given by TEo(¢ p) = sin {(7 4 1)7r é} sin (57) (25)

5 . N,.—1N;—1 50
T™M, __ ) SO TMe,(m) 2

Non _{ 2) ZO [ ] where the index corresponds to the pairs of integers §).

The axial magnetic component becomes

. <7>+1>22<1>2+32(65 - 1)] }_1/ (20) N,—1N,—1
2/ e\ HE (6 )= 3 Y dEE oo (7l ) cos(on)
2 r=| s=

o N, N, T —1/2 =0 s=0 0
N;rlMo :{ So7 [dgsl\qo, (m)]2 . lTQ <_> +42 } N
2 ;; €o = Z dFBe (M T (¢ )
(22) i=1
) _ (r = s = 0 is not considereq (26)
so that the authors can finally write for the TM vector mode N.—1 N,
functions the following expressions HTEe (¢ p) = Z Z dTEe (M) gin K _) é} sin (sn)
eTMe — 7, ;Mo =0 s=1 S
m N
b =u, x VippMe a=c o0 (22) =37 dfPe MR g ). 27)
=1

where 'V, is the transverse nabla operator. Finally, the modal
admittance of the TM modes is given by The specific choice of the analytical form in (24) and (25) has
been imposed by the Neumann boundary conditions, namely

™ _ W€
m ﬁTM (23)
3 HTMe (

a
g = =2 H?Mo (€ n)|eze, = 0. (28)
where 5™ s the propagation constant given in (2). 23 Mle=s ag (& le=e
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Fig. 3. Convergency of the propagation consta@pi of the mth elliptical mode as a function of the number of basis functions used to describe each
mode N, = N;. (@ = 23.5 mm, e = 0.8837, Frequency= 5 GHz).
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Fig. 4. Convergency of thé",gf’,i) element as a function of the number of terms summed in (40) for an elliptical iris in a circular waveguide
(frequency = 8.7 GHz).

where the expressions fdéff’) and I,(,ff’) are given in the

Appendix.
The scalar potentialg:F- andtF- are written as follows

The elements of the matricg3 and @ result in

2 2
iTjEe :I7(c?) Uk 65,1) IS(CIQ))C—&J 61’,t N.—1N;—1
7r3 € 5267, (Prn (57 NTE Z Z dTEe,(rn)
PEEG = (er — D)1t + il (es — 1) sp| s, pbr ¢ r=0 =0
6550 €r . 5 31
i=(rs), J=() (29) cos {1, ) ot (31)
TE, (53) 7I'C (s2) & SO c 50 N,—1 N,
ol _I i . m
Qw 55 P 5P 4 br,t <Pm °(&,7) NEEO Z Z dESEm( )
3 r=0 s=1
2% 2 2 2 -sin {(7 + §>7r 5_} sin(sn)  (32)
0

= (T? 3)7 J = (tv p) (30)
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Fig. 5. Convergency of the magnitude of the reflection coefficient versus the number of modes included in the global network for an elliptical iris in

a circular waveguide (frequency¥ 8.7 GHz).
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Fig. 6. Comparison between simulation and measurements for an elliptical iris in a circular waveguide.

where N;TEe and VI¥- | the normalization factors accordingso that the authors can finally write for the TE vector mode

to the normalization condition (10), are given by functions the following expressions
N.—1N;—-1
NrEEe = {W&) Z Z [dESEe7(nl)]2 h;lE“ :Vt(pzlE“
r=0 s=0 eTE“ :VHPELEG X u., a=e, o0 (35)

—1/2 m

2
|2 B <1> (e, — 1)+ SQQ (33)
€ \ o &r Finally, the modal admittance of the TE modes is given by

N, N,
N;EED _ 50_7r [ dEsEO’ (rn)]2 TR

m

r=1s=1
wit

)
2 )

1/
(34) . . . L
where 8r'E is again the propagation constant given in (2).
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Fig. 7. Comparison between simulation and measurements for a junction between two elliptical waveguides: (a) magnitude of the transmissiun coeffici
and (b) phase of the transmission coefficient.

[ll. JUNCTIONS BETWEEN A LARGE WAVEGUIDE whereV,%®) and I are the modal voltages and currents, re-
AND A SMALLER ELLIPTICAL WAVEGUIDE spectively. Following [17], the authors can now write directly

Once the modes of the elliptical waveguides have bed#rese expressions for the admittance matrix elements,
obtained, the next contribution is the analysis of the discon-

tinuities presented in Fig. 1. To proceed, the authors need to YD =58 cot [ L]6m, n (38)
define two reference planes denoted7asnd7”, as shown v _y 2
in Fig. 2. The planél” is at the junction between the regions m,n T in,m
(1) and (2), while the plang’ is located at a distancé in =YY coseds M L}(h{Y, h®) (39)
the region (1). The authors can then write the mathematical +o0
equivalent of the network representation between the reference Yﬁn?) =—j Z Yk(l) cot [/3,9)L]
planesT andT”, represented as a multiport in Fig. 2, in the ’ k=1
form 1 1
o o (g, b)) (h{”, b)) (40)
70 — Y& Dy 1) y(572)v(2); §) = (1), (2
" Z e Z Va3 (0) = (1), (2) The problem at hand has therefore been reduced to the

n=1 n=1

(37) evaluation of the inner products between the modes.
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Fig. 8. (a) Comparison between simulation and measurements for a circular cavity fed by rectangular waveguides. An elliptical iris was ingerted in th
middle of the cavity. (b) Sketch of the cavity structure.

The inner products involved in (39) and (40) [identified ag n refers to TE andn refers to TM modes
(hﬁll), hﬁ?))] are surface integrals which have to be evaluated (b, h®) = (44)
in the cross section of the ellipse [see (10)]. These surface nor Tl
integrals can be reduced to a simple contour integral [2@yhere the scalar potentialg™ and ' correspond to the

obtaining, if n and m refer to TM modes rectangular or circular modes in the region (1) [18].
(12 Ia
h®, n?) = Lj[ P % dn; IV. ACCURACY AND CONVERGENCE
T RPPR - kR Jeme, "t 06 PROPERTIES OF THEMODAL EXPANSIONS
a=e¢, 0 (41)  The authors first present in Table | the cutoff wavelengths
. of several modes for an elliptical waveguide with eccentricity
if n refers to TM andm refers to TE modes e = 0.5 in comparison with [10]. The agreement is very
(h(l) h(2)> _ oprE TE. g, good even for the higher order modes. The computation time
norm cmgy 0N P G0 for these typical cases is only 167 s on a IBM RISC-6000
a=e, o0 (42) Wworkstation (v, = N, = 15 basis functions were used), while
the solution obtained with a program based on a standard
if n andm refer to TE modes package to calculate the Mathieu functions needed 303 s.
[k(Q)]Q 9y TE Next the authors show in Fig. 3 the convergence o_f the
(h® h?) = ) tm o) ]{ n_ pTEa gy propagation constant in (2) of several modes as a function of
[k )2 = [k ]2 Je=e  O€ the number of basis functions,. = N, used to describe each

a=e,o0 (43) mode ¢ = 0.8837). The authors can see that the convergence
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TABLE | example consists of an elliptical iris in a circular waveguide

CuTOFF WAVELENGTHS (CM) OF AN ELLIPSE WITH 2a = 2 cM, ¢ = 0.5 with radius» = 11.7 mm. The dimensions of the iris were
Order | Mode [10] This method Rel. error a =8 mm,b =5 mm, and the thickness was 0.95 mm.

1 TE. | 3.39447796|  3.39447781 | 04 x107° The iris was tilted of an anglé = 30°, and was also shifted

5 TE 1.90795125|  1.90795097 | 1.5 x 107* with respect to the center of the feeding circular waveguide
10 TE, | 1.89790776)  1.39790732 1 3.1x107° to the point ¢ = 2 mm, o = 25°) [see Fig. 1(b)]. In Fig. 4,

20 TE. 0.91607169| 0.91607066 3.1%x 1075 )

30 ™. 0.77560113|  0.77560109 1% 104 the authors present the convergence of the e_Ie %f as

50 ™, 059214061 05921451 17 % 10=5 a function of the number of terms summed in (40). As the
70 ™., 0.49402711| 049402571 5.8 x 10— authors can see, 200 terms are enough to reach the region of
90 ™, 0.43415539|  0.43415506 7.6 % 105 convergence. The convergence of the reflection coefficient is
100 TE. 0.41616560| 0.41616329 5.6 x 10— plotted in Fig. 5 versus the number of modes in the global

network. As the authors can see, 40 modes are sufficient to
obtain an accurate solution. In Fig. 6, the authors compare

theoretical results with the measurements finding good
reement. To perform all calculations the authors usge-
= 10 basis functions to describe each elliptical mode, 200
terms in (40), 40 modes in the global network and 100 points
in frequency. The computation time for the results plotted in
Fig. 6 was 2.7 s per point on a IBM RISC-6000 workstation.

More complicated structures can be easily analyzed byThe junction between two elliptical guides was also ana-
connecting to each other several rectangular, circular a@,ged in this paper [see Fig. 1(c)]. To perform this analysis,
elliptical waveguide lengths. Once the admittance matrices igktead of applying the method described in Section IlI, the
all of the elements of the structure are evaluated, they cafithors connected the elliptical waveguides through a section
be easily connected to form a global multimode equivalest circular waveguide of length zero. In Fig. 7, the authors
network. From the network, a band diagonal linear systeggmpare the magnitude and the phase of the transmission
is obtained, which has to be inverted in order to find theoefficient of our theoretical results with the measurements
reflection and transmission coefficients at the input and outffgt two centered elliptical irises joined directly showing good
ports. This inversion is performed by means of an adequaigreement. The irises were inserted in WR-187 rectangular
inversion algorithm for band diagonal systems, resulting inv@aveguide, being their dimensiomss= 20.7 mm, b = 8.7
very fast code implementation. mm (denoted as E1) and= 14.9, b = 5.9 mm (denoted as

In order to verify the accuracy of the codes develope#&?2), respectively. The thickness was 2.0 mm for both of them.
several elliptical irises in rectangular and circular waveguid@$e radius of the zero length circular waveguide used in the
were manufactured with a tolerance 6f0.05 mm. The first simulation wasr = 25 mm.

of each mode depends on the order of the mode. For insta
to obtain the 50th mode with the accuracy showed in Tabeg
I, the authors need to consider at ledst = N, = 15 basis N,
functions.

V. CASCADING JUNCTIONS

pen _ [ (=D (=1)r+t ] €& sinh(26) .
rt — X 3~ - 5 5 ( )
4+ (r—1)? 44+ (r+t+1) -
sy _ [ (=D —1)"*t ] ¢3sinh (2
jep = U () Esinh (26) o
L[4+ (r—1) 44 (r+1) T
[ (—1)—t _1yrtt 5 .
1€ = (=1 + (=1) &g sinh (2&o) )
' 14+ (r—1)2 44+ (r+1t)? )
B _1yr—t _1\r+t 2 s
LGOI O e AR ) £ sinh (26) ”
’ 4+ (r—1)? 44+ (r4+t4+1)? 72
( — a m ffstp=2
Tp=0ors=0- {0, in other case
if s£p— ™ . B o
7le2) — ifp#OandS;é()ﬁ{Q’ if s+p=2o0r|s—p|=2
i 0, in other case
. {E,WSszl
if s= p— 2
\ 0, in other case
( mw
—. ifls—p|=
ifs;ép—>{2’ if |s —p| =2
[S(fg) — 0,I mifo';he_r ca—si
if s = p— { 2’ =r=
\ 0, in other case
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Finally, the authors constructed a circular cavity fed fromo]
two rectangular waveguides through two rectangular irises. In
the middle of the cavity the authors inserted an elliptical irig 1
(denoted as E) with dimensions = 9 mm, b = 7 mm,
ro = 0, « = 0°, and rotated ofy = 45°. The dimension
of the rectangular irises were = 18.0 mm, b = 1.1 mm
for the first iris (denoted as 11), and= 1.1 mm, b = 14.1
mm (denoted as 12) for the second one. The radius of the!
circular waveguide was = 11.7 mm. The magnitude of the
transmission coefficient is plotted in Fig. 8, showing also godé4l
agreement.

(12]

VI, [15]

An accurate multimode equivalent network representati
for the junctions between rectangular, circular or eIIipticipﬂ
to elliptical waveguides has been developed. The multimode
equivalent network representation is formulated in terms of &l
admittance coupling matrix. Furthermore, a computationally

efficient modal expansion for the elliptical waveguide is oh18]
tained in terms of a linear matrix eigenvalue problem. Thﬁ9
convergence of the method is good. Comparisons between
theoretical and experimental results fully validate the netwofk0l
representations developed.

CONCLUSIONS

APPENDIX
DEFINITION OF I,(,ftl), 159, Iﬁftl), 182, Iﬁff’), AND Iﬁff’)

The expressions fai*Y, 12, ¢ I,(ff’ ), andI,(,ff’ )

are given by (45)—(48),7 as shown at the bottom of the previo
page.

sl
1D,
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